Chapter 1

( SETS )

s*In these days of conflict between ancient and modern studies; there
must surely be something to be said for a study which did not
begin with Pythagoras and will not end with Einstein; but
is the oldest and the youngest. — G.H. HARDY **

1.1 Introduction

The concept of set serves as a fundamental part of the
present day mathematics. Today this concept is being used
in almost every branch of mathematics. Sets are used to
define the concepts of relations and functions. The study of
geometry, sequences, probability, etc. requires the knowledge
of sets.

The theory of sets was developed by German
mathematician Georg Cantor (1845-1918). He first
encountered sets while working on “problems on trigonometric
series”. In this Chapter, we discuss some basic definitions

. . . Georg Cantor
and operations 1nV01V1ng sets.

(1845-1918)
1.2 Sets and their Representations

In everyday life, we often speak of collections of objects of a particular kind, such as,
a pack of cards, a crowd of people, a cricket team, etc. In mathematics also, we come
across collections, for example, of natural numbers, points, prime numbers, etc. More
specially, we examine the following collections:

(i) Odd natural numbers less than 10, i.e.,1,3,5,7,9
(i) The rivers of India
(iii) The vowels in the English alphabet, namely, q, ¢, i, o, u
(iv) Various kinds of triangles
(v) Prime factors of 210, namely, 2,3,5 and 7
(vi) The solution of the equation: x>~ 5x + 6 =0, viz, 2 and 3.

We note that each of the above example is a well-defined collection of objects in
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2 MATHEMATICS

the sense that we can definitely decide whether a given particular object belongs to a
given collection or not. For example, we can say that the river Nile does not belong to
the collection of rivers of India. On the other hand, the river Ganga does belong to this
colleciton.

We give below a few more examples of sets used particularly in mathematics, viz.

N : the set of all natural numbers

Z. : the set of all integers

Q : the set of all rational numbers

R : the set of real numbers

Z" : the set of positive integers

Q" : the set of positive rational numbers, and

R* : the set of positive real numbers.

The symbols for the special sets given above will be referred to throughout
this text.

Again the collection of five most renowned mathematicians of the world is not
well-defined, because the criterion for determining a mathematician as most renowned
may vary from person to person. Thus, it is not a well-defined collection.

We shall say that a set is a well-defined collection of objects.

The following points may be noted :

(i) Objects, elements and members of a set are synonymous terms.
(i) Sets are usually denoted by capital letters A, B, C, X, Y, Z, etc.
(iii) The elements of a set are represented by small letters a, b, ¢, x, y, z, etc.

If a is an element of a set A, we say that ““ a belongs to A” the Greek symbol e
(epsilon) is used to denote the phrase ‘belongs to’. Thus, we write a € A. If ‘b’ is not
an element of a set A, we write b ¢ A and read “b does not belong to A”.

Thus, in the set V of vowels in the English alphabet, a € V but b ¢ V. In the set
P of prime factors of 30,3 € Pbut 15 ¢ P.

There are two methods of representing a set :
(i) Roster or tabular form
(i) Set-builder form.

(1) Inroster form, all the elements of a set are listed, the elements are being separated
by commas and are enclosed within braces { }. For example, the set of all even
positive integers less than 7 is described in roster form as {2, 4, 6}. Some more
examples of representing a set in roster form are given below :

(a) The set of all natural numbers which divide 42 is {1, 2, 3,6, 7, 14, 21, 42}.
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SETS 3

In roster form, the order in which the elements are listed is immaterial.
Thus, the above set can also be represented as {1, 3,7, 21, 2, 6, 14, 42}.
(b) The set of all vowels in the English alphabet is {q, ¢, i, o, u}.
(c) The set of odd natural numbers is represented by {1, 3, 5, .. .}. The dots
tell us that the list of odd numbers continue indefinitely.
It may be noted that while writing the set in roster form an element is not

generally repeated, i.e., all the elements are taken as distinct. For example, the set
of letters forming the word ‘SCHOOL’ is { S, C, H, O, L} or {H, O, L, C, S}. Here,
the order of listing elements has no relevance.

(i) In set-builder form, all the elements of a set possess a single common property

which is not possessed by any element outside the set. For example, in the set

{a, e, i, 0, u}, all the elements possess a common property, namely, each of them

is a vowel in the English alphabet, and no other letter possess this property. Denoting

this set by V, we write

V = {x : x is a vowel in English alphabet}

It may be observed that we describe the element of the set by using a symbol x
(any other symbol like the letters y, z, etc. could be used) which is followed by a colon
“: 7. After the sign of colon, we write the characteristic property possessed by the
elements of the set and then enclose the whole description within braces. The above
description of the set V is read as “the set of all x such that x is a vowel of the English
alphabet”. In this description the braces stand for “the set of all”, the colon stands for
“such that”. For example, the set

A = {x : x is a natural number and 3 <x < 10} is read as “the set of all x such that

x 18 a natural number and x lies between 3 and 10.” Hence, the numbers 4, 5, 6,

7, 8 and 9 are the elements of the set A.

If we denote the sets described in (a), (b) and (¢) above in roster form by A, B,
C, respectively, then A, B, C can also be represented in set-builder form as follows:

A= {x : x is a natural number which divides 42}

B= {y:yisavowel in the English alphabet}

C= {z: zis an odd natural number}

Example 1 Write the solution set of the equation x*+ x — 2 = 0 in roster form.

Solution The given equation can be written as
x-1) x+2)=0,i.e, x=1,-2
Therefore, the solution set of the given equation can be written in roster form as {1, —2}.

Example 2 Write the set {x : x is a positive integer and x?> < 40} in the roster form.
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4 MATHEMATICS

Solution The required numbers are 1, 2, 3,4, 5, 6. So, the given set in the roster form
is {1,2,3,4,5,6}.

Example 3 Write the set A= {1,4,9, 16, 25, ... }in set-builder form.

Solution We may write the set A as
A = {x: x is the square of a natural number}
Alternatively, we can write
A = {x:x=n? where n € N}
E le 4 Write th t{123456}'th t-builder f
xample rite the set 17, 3. 7> 5+ 2=y in the set-builder form.
Solution We see that each member in the given set has the numerator one less than
the denominator. Also, the numerator begin from 1 and do not exceed 6. Hence, in the
set-builder form the given set is

{x IX =L1, where 7 1s a natural number and 1 <n < 6}
n+
Example 5 Match each of the set on the left described in the roster form with the
same set on the right described in the set-builder form :
(1 {P,R,I,N,C,A,L} (a){x:xisapositive integer and is a divisor of 18}

@ {0} (b) { x : x is an integer and x*— 9 = 0}
@) {1,2,3,6,9,18} (c) {x:xisan integer and x + 1= 1}
(iv) {3,-3} (d) {x : x is a letter of the word PRINCIPAL}

Solution Since in (d), there are 9 letters in the word PRINCIPAL and two letters P and I
are repeated, so (i) matches (d). Similarly, (ii) matches (c) as x + 1 = 1 implies
x=0.Also, 1,2,3,6,9, 18 are all divisors of 18 and so (iii) matches (a). Finally, x’—~9=10
implies x = 3, -3 and so (iv) matches (b).

|EXERCISE 1.1|

1. Which of the following are sets ? Justify your answer.
(i) The collection of all the months of a year beginning with the letter J.
(i) The collection of ten most talented writers of India.
(ii)) A team of eleven best-cricket batsmen of the world.
(iv) The collection of all boys in your class.
(v) The collection of all natural numbers less than 100.
(vi) A collection of novels written by the writer Munshi Prem Chand.
(vii) The collection of all even integers.
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SETS 5

(viii) The collection of questions in this Chapter.
(ix) A collection of most dangerous animals of the world.
Let A= {1, 2, 3,4, 5, 6}. Insert the appropriate symbol € or ¢ in the blank
spaces:
H 5...A @ 8...A @) O0...A
(iv) 4...A (v) 2...A (vi) 10...A
Write the following sets in roster form:
(i) A= {x:xisaninteger and 3 <x <7}
(i) B = {x:x is anatural number less than 6}
(i) C={x:xis atwo-digit natural number such that the sum of its digits is 8}
(iv) D= {x:xisaprime number which is divisor of 60}
(v) E =The set of all letters in the word TRIGONOMETRY
(vi) F =The set of all letters in the word BETTER
Write the following sets in the set-builder form :
1 (3,6,9,12} (i) {2,4,8,16,32} @) {5,25,125,625}
@iv) {2,4,6,...} (v) {1,49,...,100}
List all the elements of the following sets :
(i) A= {x:xisan odd natural number}
(i) B = {x:xisan integer, ) <x< 5}
(i) C= {x:xisan integer, x**< 4}
(iv) D= {x:xis a letter in the word “LOYAL"”}
(v) E = {x:xis amonth of a year not having 31 days}
(vi) F = {x:xis aconsonant in the English alphabet which precedes & }.
Match each of the set on the left in the roster form with the same set on the right
described in set-builder form:

(1 {1,2,3,6} (a) {x:xisa prime number and a divisor of 6}
@ {2,3} (b) {x:xisan odd natural number less than 10}
@) {M,ATHELC,S} (¢) {x:xisnatural number and divisor of 6}
@iv) {1,3,5,7,9} (d) {x:xisaletter of the word MATHEMATICS}.

1.3 The Empty Set

Consider the set

A = {x:x1is astudent of Class XI presently studying in a school }
We can go to the school and count the number of students presently studying in

Class XI in the school. Thus, the set A contains a finite number of elements.

We now write another set B as follows:
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6 MATHEMATICS

B = { x : x is a student presently studying in both Classes X and XI }
We observe that a student cannot study simultaneously in both Classes X and XI.
Thus, the set B contains no element at all.

Definition 1 A set which does not contain any element is called the empty set or the
null set or the void set.
According to this definition, B is an empty set while A is not an empty set. The
empty set is denoted by the symbol ¢ or { }.
We give below a few examples of empty sets.
(1) Let A= {x:1<x<2,xisa natural number}. Then A is the empty set,
because there is no natural number between 1 and 2.
(i) B= {x:x*—2=0and x is rational number}. Then B is the empty set because
the equation x*— 2 = 0 is not satisfied by any rational value of x.
(@ii)) C= {x:xisaneven prime number greater than 2}.Then C is the empty set,
because 2 is the only even prime number.
(iv) D={x:x*=4,xisodd }. Then D is the empty set, because the equation
x*=4 is not satisfied by any odd value of x.

1.4 Finite and Infinite Sets

Let A=1{1,2,3,4,5}, B={a b, ¢ d e g}

and C = { men living presently in different parts of the world}

We observe that A contains 5 elements and B contains 6 elements. How many elements
does C contain? As it is, we do not know the number of elements in C, but it is some
natural number which may be quite a big number. By number of elements of a set S,
we mean the number of distinct elements of the set and we denote it by 7 (S). If n (S)
is a natural number, then S is non-empty finite set.

Consider the set of natural numbers. We see that the number of elements of this
set is not finite since there are infinite number of natural numbers. We say that the set
of natural numbers is an infinite set. The sets A, B and C given above are finite sets
and n(A) =5, n(B) = 6 and n(C) = some finite number.

Definition 2 A set which is empty or consists of a definite number of elements is
called finite otherwise, the set is called infinite.

Consider some examples :

(1) Let W be the set of the days of the week. Then W is finite.

(i) Let S be the set of solutions of the equation x>—16 = 0. Then S is finite.

(ii)) Let G be the set of points on a line. Then G is infinite.

When we represent a set in the roster form, we write all the elements of the set
within braces { }. It is not possible to write all the elements of an infinite set within
braces { } because the numbers of elements of such a set is not finite. So, we represent
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SETS 7

some infinite set in the roster form by writing a few elements which clearly indicate the
structure of the set followed ( or preceded ) by three dots.

For example, {1, 2,3 ...} is the set of natural numbers, {1, 3, 5,7, ...} is the set
of odd natural numbers, {...—3,-2,-1,0,1,2,3,...} is the set of integers. All these
sets are infinite.

‘@ Note|All infinite sets cannot be described in the roster form. For example, the

set of real numbers cannot be described in this form, because the elements of this
set do not follow any particular pattern.

Example 6 State which of the following sets are finite or infinite :
(i) {x:xeNand(x-1)((x-2)=0}
(i) {x:x e Nandx*=4}
@) {x:x e Nand2x-1=0}
(iv) {x:x e Nandux is prime}
(v) {x:x e Nandxisodd}
Solution (i) Given set= {1, 2}. Hence, it is finite.
(i) Given set = {2}. Hence, it is finite.
(i) Given set = ¢. Hence, it is finite.
(iv) The given set is the set of all prime numbers and since set of prime
numbers is infinite. Hence the given set is infinite
(v)  Since there are infinite number of odd numbers, hence, the given set is
infinite.
1.5 Equal Sets
Given two sets A and B, if every element of A is also an element of B and if every

element of B is also an element of A, then the sets A and B are said to be equal.
Clearly, the two sets have exactly the same elements.

Definition 3 Two sets A and B are said to be equal if they have exactly the same
elements and we write A = B. Otherwise, the sets are said to be unequal and we write
A #B.
We consider the following examples :
(1) LetA=1{1,2,3,4} and B=1{3,1,4,2}. Then A=B.
(i) Let Abe the set of prime numbers less than 6 and P the set of prime factors
of 30. Then A and P are equal, since 2, 3 and 5 are the only prime factors of
30 and also these are less than 6.

A set does not change if one or more elements of the set are repeated.
For example, the sets A = {1, 2, 3} and B = {2, 2, 1, 3, 3} are equal, since each
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8 MATHEMATICS

element of A is in B and vice-versa. That is why we generally do not repeat any
element in describing a set.

Example 7 Find the pairs of equal sets, if any, give reasons:
A={0}, B={x:x>15and x <5},
C={x:x-5=01}, D = {x: x*=25},
E = {x : x is an integral positive root of the equation x*> — 2x —15 = 0}.

Solution Since 0 € A and 0 does not belong to any of the sets B, C, D and E, it
follows that, A# B,A#C,A#D,A=E.

Since B = ¢ but none of the other sets are empty. Therefore B # C, B # D
and B # E. Also C = {5} but -5 € D, hence C # D.

Since E = {5}, C=E. Further, D= {-5,5} and E = {5}, we find that, D # E.
Thus, the only pair of equal sets is C and E.

Example 8 Which of the following pairs of sets are equal? Justify your answer.
(1) X, the set of letters in “ALLOY” and B, the set of letters in “LOYAL”.
() A= {n:neZandn’<4}and B= {x:x € Rand x>~ 3x +2 =0}.

Solution (i) We have, X ={A, L, L,0,Y},B={L,0,Y, A, L}. Then X and B are

equal sets as repetition of elements in a set do not change a set. Thus,
X={A,L,0,Y} =B

(i)A=1{-2,-1,0,1,2}, B={1,2}.Since 0 € Aand 0 ¢ B, A and B are not equal sets.

[EXERCISE1.2|

1. Which of the following are examples of the null set
(1) Set of odd natural numbers divisible by 2
(i) Set of even prime numbers
(@) {x :xis a natural numbers, x <5and x> 7 }
(iv) {y:y isapoint common to any two parallel lines}
2. Which of the following sets are finite or infinite
(i) The set of months of a year
@ {1,2,3,...}
@) {1,2,3,...99,100}
(iv) The set of positive integers greater than 100
(v) The set of prime numbers less than 99
3. State whether each of the following set is finite or infinite:
(i) The set of lines which are parallel to the x-axis
(i) The set of letters in the English alphabet
(iii) The set of numbers which are multiple of 5
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(iv) The set of animals living on the earth
(v) The set of circles passing through the origin (0,0)
4.  In the following, state whether A= B or not:
i) A={ab,c,d} B ={dcba}
(i) A={4,8,12,16} B = {8,4,16,18}
() A=1{2,4,6,8,10} B = {x:xispositive even integer and x < 10}
(iv) A= {x:x isamultiple of 10}, B = {10,15,20,25,30,...}
5. Are the following pair of sets equal ? Give reasons.
(i) A={2,3}, B= {x:xissolution ofx* + 5x + 6 =0}
(i) A ={x:xisaletter in the word FOLLOW}
B = {y:yisaletter in the word WOLF}
6.  From the sets given below, select equal sets :
A=1{2,4,8,12}, B={1,2,3,4}, C={4,8,12,14}, D
E={-1,1}, F=1{0,a}, G={l,-1}, H

1.6 Subsets
Consider the sets : X = set of all students in your school, Y = set of all students in your
class.

We note that every element of Y is also an element of X; we say that Y is a subset
of X. The fact that Y is subset of X is expressed in symbols as Y — X. The symbol —
stands for ‘is a subset of” or ‘is contained in’.

{3,1,4,2}
10,13

Definition 4 A set A is said to be a subset of a set B if every element of A is also an
element of B.

In other words, A — B if whenever a € A, then a € B. It is often convenient to
use the symbol “=" which means implies. Using this symbol, we can write the definiton
of subset as follows:

AcBifae A=aecB

We read the above statement as “A is a subset of B if a is an element of A
implies that a is also an element of B”. If A is not a subset of B, we write A ¢ B.

We may note that for A to be a subset of B, all that is needed is that every
element of A is in B. It is possible that every element of B may or may not be in A. If
it so happens that every element of B is also in A, then we shall also have B c A. In this
case, A and B are the same sets so that we have A< B and B © A < A= B, where
“<" is a symbol for two way implications, and is usually read as if and only if (briefly
written as “iff”).

It follows from the above definition that every set 4 is a subset of itself, i.e.,
A c A. Since the empty set ¢ has no elements, we agree to say that ¢ is a subset of
every set. We now consider some examples :
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10 MATHEMATICS

(1) The set Q of rational numbers is a subset of the set R of real numbes, and
we write Q < R.
(i) IfAisthe set of all divisors of 56 and B the set of all prime divisors of 56,
then B is a subset of A and we write B — A.
@) LetA={l,3,5}and B= {x:xisan odd natural number less than 6}. Then
A c B and B c A and hence A = B.
(iv) LetA={a e i 0, u} and B={aq, b, ¢, d}. Then A is not a subset of B,
also B is not a subset of A.
Let A and B be two sets. [f A c B and A = B, then A is called a proper subset
of B and B is called superset of A. For example,
A =1{1, 2,3} is a proper subset of B= {1, 2, 3, 4}.
If a set A has only one element, we call it a singleton set. Thus,{ a } is a
singleton set.

Example 9 Consider the sets
6, A={13}, B={1509} C={1,3,57,9}.
Insert the symbol — or & between each of the following pair of sets:
i ¢...B (i)A...B (i)A...C (@Gv)B...C

Solution (i) ¢ < B as ¢ is a subset of every set.
(i) AzBas3eAand3 ¢ B
(i) AcCasl,3 e Aalso belongs to C
(iv) B < C as each element of B is also an element of C.

Example 10 LetA={aqa, ¢ i, 0, u} and B={ q, b, ¢, d}. Is A a subset of B ? No.
(Why?). Is B a subset of A? No. (Why?)

Example 11 Let A, B and C be three sets. If A € B and B < C, is it true that
A < C?. If not, give an example.

Solution No.LetA={1},B ={{1},2} andC= {{1},2,3}. Here A€ BasA= {1}
and BcC.ButAgzCasleAand1 ¢ C.
Note that an element of a set can never be a subset of itself.

1.6.1 Subsets of set of real numbers
As noted in Section 1.6, there are many important subsets of R. We give below the
names of some of these subsets.

The set of natural numbers N = {1,2,3,4,5,...}

The set of integers zZ={ ..,-3,-2,-1,0,1,2,3,...}

The set of rational numbers Q = { x : x = § ,p,q € Zand g+ 0}
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p
which is read “ Q is the set of all numbers x such that x equals the quotient ; , Where

p and ¢ are integers and ¢ is not zero”. Members of Q include —5 (which can be

5 1 7 11
expressed as —T) ;7 35 (which can be expressed as E) and R

The set of irrational numbers, denoted by T, is composed of all other real numbers.
Thus T = {x: x € Rand x ¢ Q}, i.e., all real numbers that are not rational.

Members of T include /2 , J5 and .

Some of the obvious relations among these subsets are:
NcZcQQcR TcR NzT.

1.6.2 Intervals as subsets of R Leta, b € R and a < b. Then the set of real numbers
{y:a<y<b} is called an open interval and is denoted by (a, b). All the points
between a and b belong to the open interval (a, b) but a, b themselves do not belong to
this interval.

The interval which contains the end points also is called closed interval and is
denoted by [ @, b ]. Thus

[a, b]={x:a<x<b}
We can also have intervals closed at one end and open at the other, i.e.,

[a, b)={x:a<x<b} isan open interval from a to b, including a but excluding b.

(a, b]={x:a<x< b} isanopen interval from a to b including b but excluding a.

These notations provide an alternative way of designating the subsets of set of
real numbers. For example , if A= (=3, 5) and B=[-7, 9], then A c B. The set [ 0, )
defines the set of non-negative real numbers, while set ( — oo, 0 ) defines the set of
negative real numbers. The set ( — oo, ) describes the set of real numbers in relation
to a line extending from — o to co.

On real number line, various types of intervals described above as subsets of R,
are shown in the Fig 1.1.

(a,b) [a,b] [a,b) (a,b)

O O L @ L O O @

a b a b a b a b
Fig 1.1

Here, we note that an interval contains infinitely many points.

For example, the set {x : x € R, =5 <x < 7}, written in set-builder form, can be
written in the form of interval as (-5, 7] and the interval [-3, 5) can be written in set-
builder form as {x: -3 <x <5}.
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The number (b — a) is called the length of any of the intervals (a, b), [a, b],
[a, b) or (a, b].

1.7 Universal Set

Usually, in a particular context, we have to deal with the elements and subsets of a
basic set which is relevant to that particular context. For example, while studying the
system of numbers, we are interested in the set of natural numbers and its subsets such
as the set of all prime numbers, the set of all even numbers, and so forth. This basic set
is called the “Universal Set”. The universal set is usually denoted by U, and all its
subsets by the letters A, B, C, etc.

For example, for the set of all integers, the universal set can be the set of rational
numbers or, for that matter, the set R of real numbers. For another example, in human
population studies, the universal set consists of all the people in the world.

|EXERCISE 1.3 |

1. Make correct statements by filling in the symbols — or & in the blank spaces :
O {2,3,4}...{1,2,3,45} () {ab,c}...{bcd}
(i) {x:xisastudent of Class XI of your school}. . .{x : x student of your school}
(iv) {x:xisacircle in the plane} . . .{x : x is a circle in the same plane with
radius 1 unit}

(v) {x:xisatriangle in a plane} ... {x : x is a rectangle in the plane}
(vi) {x:xisanequilateral triangle inaplane} ... {x:xisatriangle in the same plane}
(vil) {x:xis an even natural number} ... {x:x is an integer}

2. Examine whether the following statements are true or false:
@) {a,b}lz{bca}
@) {a, e} c{x:xisavowelin the English alphabet}
@) {1,2,3}c{1,3,5}
@iv) {a}c {a b c}
() {ajefabcj

(vi) {x:xisan even natural number less than 6} < { x : x is a natural number

which divides 36}
3. Let A={1,2,{3,4},5 }. Which of the following statements are incorrect and why?
(i) {3,4}c A () {3,4} €A (i) {{3,4}} c A
iv) 1eA v) 1cA vi) {1,2,5}c A
(vi) {1,2,5} €A (vii) {1,2,3} c A (ix) ¢ € A
x) ¢ A xi) {¢} < A
4.  Write down all the subsets of the following sets
(i) {a} (i) {a, b} (i) {1,2,3} (iv) ¢
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5. Write the following as intervals :
(i) {x:xeR, -4<x<6} (i) {x:xeR —-12<x<-10}

(@) {x:xeR 0<x<7} (iv) {x:xe R, 3<x<4}
6.  Write the following intervals in set-builder form :
(i (-3,0) () [6,12] (i) (6, 12] (iv) [-23,95)
7. What universal set(s) would you propose for each of the following :
(1) The set of right triangles. (i) The set of isosceles triangles.

8. Giventhesets A= {1,3,5},B={2,4,6} and C = {0, 2, 4, 6, 8}, which of the
following may be considered as universal set (s) for all the three sets A, B and C
(1 {0,1,2,3,4,5,6}
(i) ¢
@) {0,1,2,3,4,5,6,7,8,9,10}
(iv) {1,2,3,4,5,6,7,8}

1.8 Venn Diagrams

Most of the relationships between sets can be U
represented by means of diagrams which are known
as Venn diagrams. Venn diagrams are named after ol
the English logician, John Venn (1834-1883). These
diagrams consist of rectangles and closed curves S
usually circles. The universal set is represented
usually by a rectangle and its subsets by circles. 9

In Venn diagrams, the elements of the sets are
written in their respective circles (Figs 1.2 and 1.3)

Hlustration 1 InFig 1.2, U= {1,2,3, ..., 10} isthe |
universal set of which
A=1{2,4,6,8,10} is a subset. ol

Hlustration 2 In Fig 1.3, U= {1,2,3, ..., 10} is the
universal set of which

A=1{24,6,8,10} and B = {4, 6} are subsets, 9
and also B c A.

The reader will see an extensive use of the
Venn diagrams when we discuss the union, intersection and difference of sets.

Fig1.3

1.9 Operations on Sets

In earlier classes, we have learnt how to perform the operations of addition, subtraction,
multiplication and division on numbers. Each one of these operations was performed
on a pair of numbers to get another number. For example, when we perform the
operation of addition on the pair of numbers 5 and 13, we get the number 18. Again,
performing the operation of multiplication on the pair of numbers 5 and 13, we get 65.
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Similarly, there are some operations which when performed on two sets give rise to
another set. We will now define certain operations on sets and examine their properties.
Henceforth, we will refer all our sets as subsets of some universal set.

1.9.1 Union of sets Let A and B be any two sets. The union of A and B is the set
which consists of all the elements of A and all the elements of B, the common elements
being taken only once. The symbol ‘U’ is used to denote the union. Symbolically, we
write A U B and usually read as ‘A union B’.

Example 12 Let A= {2,4,6,8} and B={ 6, 8, 10, 12}. Find A U B.

Solution We have AUB ={2,4,6,8, 10, 12}
Note that the common elements 6 and 8 have been taken only once while writing
A UB.

Example 13 LetA={a, e i, 0,u}andB=1{a, i u }. Showthat AUB =A

Solution We have, AUB=1{aqa,¢ 4,0 u}=A.

This example illustrates that union of sets A and its subset B is the set A
itself, i.e., if B A, then A UB =A.

Example 14 Let X = {Ram, Geeta, Akbar} be the set of students of Class XI, who are
in school hockey team. Let Y = {Geeta, David, Ashok} be the set of students from
Class XI who are in the school football team. Find X U Y and interpret the set.

Solution We have, X U'Y = {Ram, Geeta, Akbar, David, Ashok}. This is the set of
students from Class XI who are in the hockey team or the football team or both.

Thus, we can define the union of two sets as follows:

Definition 5 The union of two sets A and B is the set C which consists of all those
elements which are either in A or in B (including T
those which are in both). In symbols, we write.
AUB ={x:xeAorxeB}

The union of two sets can be represented by
a Venn diagram as shown in Fig 1.4.

The shaded portion in Fig 1.4 represents A U B. B
AUB

Some Properties of the Operation of Union
(i) AuB =B uUA (Commutative law) Fig1.4

(i) (AuB)uC=AU(BUCO)
(Associative law )

() Avod=A (Law of identity element, ¢ is the identity of L)
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(iv) AUA =A (Idempotent law)

vy UUuA =U (Law of U)
1.9.2 Intersection of sets The intersection of sets A and B is the set of all elements
which are common to both A and B. The symbol ‘"’ is used to denote the intersection.

The intersection of two sets A and B is the set of all those elements which belong to
both A and B. Symbolically, we write AN B= {x: x € Aand x € B}.

Example 15 Consider the sets A and B of Example 12. Find A n B.

Solution We see that 6, 8 are the only elements which are common to both A and B.
Hence AnB=1{6,8}.

Example 16 Consider the sets X and Y of Example 14. Find X N Y.

Solution We see that element ‘Geeta’ is the only element common to both. Hence,
X NY = {Geeta}.

Example 17 LetA={1,2,3,4,5,6,7,8,9,10} and B={2,3,5,7 }. Find A n B and
hence show that AN B = B.

Solution We have AN B={2,3,5,7 } =B. We
note that B — A and that AN B = B.

Definition 6 The intersection of two sets A and B A
is the set of all those elements which belong to both
A and B. Symbolically, we write

U

ANnB={x:xeAandx € B} ANB

The shaded portion in Fig 1.5 indicates the Fig 1.5
intersection of A and B.
If A and B are two sets such that Am B = ¢, then [y
A and B are called disjoint sets.

For example, letA={ 2,4, 6,8 } and
B=1{1,3,5,7}. Then A and B are disjoint sets,
because there are no elements which are common to
A and B. The disjoint sets can be represented by
means of Venn diagram as shown in the Fig 1.6
In the above diagram, A and B are disjoint sets. Fig 1.6
Some Properties of Operation of Intersection

i) AnB =BnA (Commutative law).
i (ANB)NnC=An(BNC) (Associative law).

@) ¢NnA=¢p, UnA=A (Law of ¢ and U).

(iv) AnA=A (Idempotent law)
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v) An(BuC) = (AnB)uU(AnC)(Distributive law ) i. e.,
N distributes over U
This can be seen easily from the following Venn diagrams [Figs 1.7 (i) to (v)].

(M) (BUC) (i) (ANB)

%

(i) AN(BUC) (iv) (ANC)

U

$

(v) (AnB)uU (ANC)
Figs 1.7 (i) to (v)

1.9.3 Difference of sets The difference of the sets A and B in this order is the set
of elements which belong to A but not to B. Symbolically, we write A — B and read as
“A minus B”.

Example 18 LetA={1,2,3,4,5,6}, B={2,4,6,8 }. Find A—B and B-A.

Solution We have, A—B = {1, 3, 5 }, since the elements 1, 3, 5 belong to A but
not to B and B - A = { 8 }, since the element 8 belongs to B and not to A.
We note that A— B # B — A.
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Example 19 Let V={a, ¢ i, 0, u } and
B={a ik u}.FindV-Band B-V

Solution We have, V-B={ ¢, 0 }, since the elements
e, o belong to Vbutnotto Band B—V = { k }, since
the element k& belongs to B but not to V.

We note that V— B = B — V. Using the set-
builder notation, we can rewrite the definition of
difference as

A-B={x:xeAandx ¢ B}

The difference of two sets A and B can be

represented by Venn diagram as shown in Fig 1.8.
The shaded portion represents the difference of
the two sets A and B.

Remark The sets A— B, An B and B — A are
mutually disjoint sets, i.e., the intersection of any of
these two sets is the null set as shown in Fig 1.9.

SETS
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(ANB)

|EXERCISE 1.4|

Fig1.9

1. Find the union of each of the following pairs of sets :

(i) X={1,3,5} Y={1,2,3}
(i) A=Tla eio ul B={a b c}

(i) A = {x:x is a natural number and multiple of 3}
B = {x : x is a natural number less than 6}

(iv) A= {x:xisanatural number and I <x <6 }
B = {x : x is a natural number and 6 <x < 10 }

v) A={1,2,3},B=9¢

2. LetA={a b},B= {a b c}.IsAcB?WhatisAUB?
3. If A and B are two sets such that A < B, then whatisA U B ?
4. IfA=1{1,2,3,4},B=1{3,4,5,6},C=1{5,6,7,8 }andD={7,8,9, 10 }; find

i) AuB @i AucC
vy AuBuUC (vij AuBuUD

@) BuC
(vi) BuCuD

5. Find the intersection of each pair of sets of question 1 above.
6. IfA=1{3,5,7,9,11},B={7,9,11,13},C={11,13, 15}and D = {15, 17}; find

i) AnB (i) BN C
(iv) AnC (v) BnD
(vi) AnD (vii) AN (BuD)

x) (AuD)n(BuUCO)
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7. If A= {x:x1is anatural number }, B = {x :x is an even natural number}
C = {x : x is an odd natural number}andD = {x : x is a prime number }, find
i) AnB i AnC (i) AND
(ivy BnC (v BnD (vij CnD
8. Which of the following pairs of sets are disjoint
(1 {1,2,3,4} and {x : x is a natural number and 4 <x <6 }
(i) {a eiou}tand{c de [}
(i) {x:xisan even integer } and {x : x is an odd integer}
9. IfA=1{3,6,9,12,15,18,21},B={4,8,12,16,20 },
C=1{2,4,6,8,10,12,14,16 },D= {5, 10, 15,20 }; find

i) A-B (i) A-C @) A-D (iv) B-A
vy C-A (vij D-A (vi) B-C (vii) B-D
(ix) C-B x) D-B xi) C-D xi) D-C
10. fX={a b c, d}andY={/f b, d g}, find
1 X-Y i) Y-X (i) XNY
11. IfR s the set of real numbers and Q is the set of rational numbers, then what is
R-Q?

12. State whether each of the following statement is true or false. Justify your answer.
(1) {2,3,4,5} and {3, 6} are disjoint sets.
(i) {a e i o u}and{a b c d}are disjoint sets.
@) {2,6,10,14 }and {3,7,11, 15} are disjoint sets.
(iv) {2,6,10} and { 3,7, 11} are disjoint sets.

1.10 Complement of a Set

Let U be the universal set which consists of all prime numbers and A be the subset of
U which consists of all those prime numbers that are not divisors of 42. Thus,
A= {x:x e Uandxisnota divisor of 42 }. We see that 2 € U but 2 ¢ A, because
2 is divisor of 42. Similarly,3 e Ubut3 ¢ A,and 7 € Ubut 7 ¢ A. Now 2, 3 and 7 are
the only elements of U which do not belong to A. The set of these three prime numbers,
i.e., the set {2, 3, 7} is called the Complement of A with respect to U, and is denoted by

A’. So we have A’'= {2, 3, 7}. Thus, we see that
A" ={x:x e Uandx ¢ A }. This leads to the following definition.

Definition 7 Let U be the universal set and A a subset of U. Then the complement of
A is the set of all elements of U which are not the elements of A. Symbolically, we
write A’ to denote the complement of A with respect to U. Thus,
A'={x:xeUandx ¢ A}. Obviously A'=U-A
We note that the complement of a set A can be looked upon, alternatively, as the
difference between a universal set U and the set A.
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Example 20 LetU= {1,2,3,4,5,6,7,8,9,10} and A= {1,3,5,7,9}. Find A".

Solution We note that 2, 4, 6, 8, 10 are the only elements of U which do not belong to
A. Hence A'=1{2,4,6,8,10 }.

Example 21 Let U be universal set of all the students of Class XI of a coeducational
school and A be the set of all girls in Class XI. Find A".

Solution Since A is the set of all girls, A’ is clearly the set of all boys in the class.

If A is a subset of the universal set U, then its complement A’ is also a
subset of U.
Again in Example 20 above, we have A’ ={2,4,6,8, 10 }
Hence (A’Y={x:xeUandx g A"}
= {1,3,5,7,9} =A
Itis clear from the definition of the complement that for any subset of the universal
set U, we have (A'Y =A

Now, we want to find the results for (A U B ) and A’ n B’ in the followng
example.

Example 22 Let U= {1,2,3,4,5,6}, A= {2,3} and B= {3, 4, 5}.
Find A’, B, A’ "B/, AU B and hence show that ( AUB ) =A'nB'.

Solution Clearly A’ = {1,4,5,6},B'={1,2,6 }. Hence A’ "B'={ 1,6}
AlsoAUB ={2,3,4,5},sothat( AUB) ={1,6}
(AUB ) ={1,6}=A"NnB

It can be shown that the above result is true in general. If A and B are any two
subsets of the universal set U, then

(AUB ) =A"NnB' Similarly, (AnB ) = A’ UB'. These two results are stated

in words as follows :

The complement of the union of two sets is U
the intersection of their complements and the A
complement of the intersection of two sets is the
union of their complements. These are called De
Morgan’s laws. These are named after the
mathematician De Morgan.
The complement A" of a set A can be represented
by a Venn diagram as shown in Fig 1.10. Fig 1.10
The shaded portion represents the complement of the set A.
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Some Properties of Complement Sets
1. Complement laws: HAUA =U () ANnA =¢
2. De Morgan’s law: (A uUB) =A'nB (i)(An B) =A"UB
3. Law of double complementation : (A’) = A

4. Laws of empty set and universal set ¢’ = U and U’ = ¢.
These laws can be verified by using Venn diagrams.

|EXERCISE 1.5|

1. LetU=1{1,2,3,4,567289},A={1,234},B={2, 4,6,8} and
C=1{3,4,56}.Find (i) A’ (ii) B (iii) (AU C) (iv) (AUB)' (v) (A"Y’

(vi) (B~ CY

2. IfU={aqa b c d e f, g h}, find the complements of the following sets :
()A={a b, c} (i)B={d e f g}
(i) C=A{a, c e g} (iv)D={f g h a}

3.  Taking the set of natural numbers as the universal set, write down the complements
of the following sets:

(i) {x:xisan even natural number} (i1) {x:xisanodd natural number }
(iii) {x:xisapositive multiple of 3} (iv) { x : x is a prime number }
(v) {x:xisanatural number divisible by 3 and 5}
(vi) {x:xis a perfect square } (vii) { x : x is a perfect cube}
(vii) {x:x+5=8} (ix) {x:2x+5=9}
x) {x:x>7} (xi) {x:xeNand2x+1>10}
4. IfU={1,2,3,4,5,6,7,8,9},A=1{2,4,6,8} and B= {2, 3,5, 7}. Verify that
1 (AuB)Y=A"nB' (i) (AnB)Y=A"UB'
5.  Draw appropriate Venn diagram for each of the following :
(1) (Au BY), (i)A'n B, (i) (AnB), (@(v)A'UDB’

6.  Let U be the set of all triangles in a plane. If A is the set of all triangles with at
least one angle different from 60°, what is A’?

7.  Fill in the blanks to make each of the following a true statement :
i AUVA' =... (i) O NA=...
() ANA'=... (iv) UnA=...

Miscellaneous Examples

Example 23 Show that the set of letters needed to spell “ CATARACT ” and the
set of letters needed to spell “ TRACT” are equal.

Solution Let X be the set of letters in “CATARACT”. Then
X={C,A TR}
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Let Y be the set of letters in “ TRACT”. Then
Y={T,R,AC,T}={T,R,A,C}
Since every element in X is in Y and every element in Y is in X. It follows that X =Y.

Example 24 List all the subsets of the set { —1, 0, 1 }.

Solution Let A= {-1,0, 1 }. The subset of A having no element is the empty
set ¢. The subsets of A having one element are { -1 }, { 0 }, { 1 }. The subsets of
A having two elements are {—1, 0}, {—1, 1} ,{0, 1}. The subset of A having three
elements of A is A itself. So, all the subsets of A are ¢, {1}, {0}, {1}, {~1,0}, {-1, 1},
{0, 1} and {-1, 0, 1}.

Example 25 Show that AU B = A B implies A=B

Solution Leta € A. Thena e AU B.Since AUB=A n"nB,ae A nB.Soa e B.
Therefore, A — B. Similarly, if b € B, then b € AU B. Since
AUB=AnNB,be AnB.So, b € A. Therefore, B A. Thus, A=B

Miscellaneous Exercise on Chapter 1

1. Decide, among the following sets, which sets are subsets of one and another:
A={x:xeR andxsatisfyx> -8+ 12= 0},
B={2,4,6}, C={2,4,6,8,...},D={6}.

2. Ineach of the following, determine whether the statement is true or false. If it is
true, prove it. If it is false, give an example.

(i) Ifxe AandA e B,thenx e B
(i) IfA cBandB eC,thenA € C
(i) IfAcBandBc C,thenAcC
(ivy fAzBandBz C,thenA z C
(v) IfxeAand Az B, thenx € B
(vij IfAcBandx ¢ B,thenx ¢ A
3. LetA, B, and C be the sets suchthat AU B=AuU Cand AnB=An C. Show
that B = C.
4. Show that the following four conditions are equivalent :
()AcB@{i)A-B=¢ (ii)AuB=B (ivVAnB=A
5. Show that if Ac B, then C - B < C — A.
6.  Show that for any sets A and B,
A=(An B) U(A-B)andAU(B-A)= (AUB)
7. Using properties of sets, show that
HDAUVU(ANB)=A (i) An(AuB)=A.
8.  Show that An B =A n C need not imply B=C.
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9. LetAand Bbesets. fA " X=BnNnX=¢and Au X =B U X for some set
X, show that A = B.
(Hints A=An(AuX),B=Bn(BuU X)and use Distributive law )
10.  Find sets A, B and C such that A "B, B C and A n C are non-empty

setsand AN B N C=¢.

Summary

This chapter deals with some basic definitions and operations involving sets. These

are summarised below:

@ A set is a well-defined collection of objects.

@ A set which does not contain any element is called empty set.

@ A set which consists of a definite number of elements is called finite set,
otherwise, the set is called infinite set.

@ Two sets A and B are said to be equal if they have exactly the same elements.

@ Aset Ais said to be subset of a set B, if every element of A is also an element
of B. Intervals are subsets of R.

@ The union of two sets A and B is the set of all those elements which are either
inA orinB.

@ The intersection of two sets A and B is the set of all elements which are
common. The difference of two sets A and B in this order is the set of elements
which belong to A but not to B.

@ The complement of a subset A of universal set U is the set of all elements of U
which are not the elements of A.

¢ Forany twosets Aand B, (AUB)Y =A'"nB'and (AnB) =A"UB’

Historical Note

The modern theory of sets is considered to have been originated largely by the
German mathematician Georg Cantor (1845-1918). His papers on set theory
appeared sometimes during 1874 to 1897. His study of set theory came when he
was studying trigonometric series of the form a, sin x + a, sin 2x + a, sin 3x + ...
He published in a paper in 1874 that the set of real numbers could not be put into
one-to-one correspondence wih the integers. From 1879 onwards, he publishd
several papers showing various properties of abstract sets.
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Cantor’s work was well received by another famous mathematician Richard
Dedekind (1831-1916). But Kronecker (1810-1893) castigated him for regarding
infinite set the same way as finite sets. Another German mathematician Gottlob
Frege, at the turn of the century, presented the set theory as principles of logic.
Till then the entire set theory was based on the assumption of the existence of the
set of all sets. It was the famous Englih Philosopher Bertand Russell (1872-
1970 ) who showed in 1902 that the assumption of existence of a set of all sets
leads to a contradiction. This led to the famous Russell’s Paradox. Paul R.Halmos
writes about it in his book ‘Naive Set Theory’ that “nothing contains everything”.

The Russell’s Paradox was not the only one which arose in set theory.
Many paradoxes were produced later by several mathematicians and logicians.
As a consequence of all these paradoxes, the first axiomatisation of set theory
was published in 1908 by Ernst Zermelo. Another one was proposed by Abraham
Fraenkel in 1922. John Von Neumann in 1925 introduced explicitly the axiom of
regularity. Later in 1937 Paul Bernays gave a set of more satisfactory
axiomatisation. A modification of these axioms was done by Kurt Godel in his
monograph in 1940. This was known as Von Neumann-Bernays (VNB) or Godel-
Bernays (GB) set theory.

Despite all these difficulties, Cantor’s set theory is used in present day
mathematics. In fact, these days most of the concepts and results in mathematics
are expressed in the set theoretic language.
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